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MFEM Grad-Shafranov (GS) solver for axisymmetric equilibrium
(2024 MFEM workshop)

Assuming axisymmetry in a tokamak, we can represent B with poloidal flux function ¥ and toroidal field function f,
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Task: transfer of GS equilibria to MHD solvers

GS equation solves for ¥ and f while MHD simulations need the B field directly.

Consider
pJ =V x B,
v
B=V x <?e¢> + ie(b.
T
>
B, By
Thus we have the B fields
1
Bp = _VJ_\Ija By = za
T T
and the J fields
1
pJ, = =V+(rBy), pJ; = —V+ - B,,.
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Goal: investigate errors during the transfer process
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The transfer process is prone to numerical errors:

» Source 1: incompatibilities between the GS and MHD FEM spaces,
» Source 2: difference between the GS and MHD meshes,

« Source 3: discontinuities at the separatrix.
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Unnatural projection is unavoidable in compatible FEM

In compatible FEM, we have the natural FEM spaces that corresponds to differential operators,
J_. L .
C’G—V>H(Curl) V. DG, C’G—V>H(div) Y . DG .
Consider ¥ and f both in CG field, the most natural projection path is,

Ve CG(T2p)m — Bpe H(iv,Tap)m — Ji € CG(T2D)m,
feCG(Tep)m — Bie€CG(Tap)m — Jp € H(div,T2p)m.

However, H(div) for poloidal direction corresponds to DG for toroidal direction in stead of CG.
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Source 1: incompatibilities between the GS and MHD FEM spaces

Thus, we have the following three projection paths to experiment:

Compatble 4 U € CG(Tap)m — Bp € Hdiv,T2p)m — Ji € CG(Tap)m,

Fini 1
fnte | [FecaTnm = BeDGTanna] — J,€ Hieuwl, ),
Ve CG(Ta2p)m — BpeH(curl,Top)m| — Ji € DG(T2p)m—1, @)

i f c CG(BD)m — B; e CG(BD)m —> Jp € H(diV, ’Tgp)m.

Red box: unnatural projection steps

Vector CG U e CG(Tap)m — Bp,€CG(T2p)2, — Ji € CG(T2p)m, 3)
f€CG(Tap)m — Bi€CG(Tap)m — I, €CG(Tap)3,.
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Source 2: difference between the GS and MHD meshes

To examine the impact from mesh misalignment, we apply a very small perturbation (a = 0.05) to the original
mesh:

ri =r; + a sin(r;), Zi = z; + a sin(z;).

Original Perturbed
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Source 3: discontinuities at the separatrix.

To examine the impact from the discontinuities at the separatrix, we conduct experiments with mesh refinement and
alignment along the separatrix:

Original Refined Refined + aligned
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Equilibrium solution for experiments — Taylor state equilibrium

Taylor Equilibrium Solution
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Numerical solution and its zoom-in

D. Serino, Q. Tang, X.-Z. Tang, T. V. Kolev, and K. Lipnikov. An adaptive Newton-based free-boundary Grad—Shafranov solver, SISC, 2025
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U € CG(Tap)m — B, € H(iv,Tap)m — Ji € CG(Tap)m, W
. . ) feCG(Tep)m — B € DG(Tap)m—1 — Jp € H(curl, Tap)m.-
Force balancing — projection paths
U eCG(Tap)m — BpeH(curl, Tap)m —  Ji € DG(Tap)m-1, @
fe€CG(Tep)m — Bre€CG(Tap)m — JIp€ H(div, T2p)m.-
U e CG(Tap)m — Bp,€CG(Tap)2, — Ji € CG(Tap)m, 3)

f€CG(Tap)m — Bi€CG(Top)m — J,€CG(Tsp)2.

u[B x J], € H(div, Top)m (1)  p[B xJ], € H(curl, Tap)m (2)  p[B xJ], € CG(Tzp)?, (3)

By 4
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Ve CG(T2p)m — Bpe H(iv,Tap)m — Jit € CG(T2D)m, 1)
. i ] f€CG(Tep)m — Bi€DG(Tap)m — JIp€ H(curl, Tap)m.
Divergence error — projection paths
v e CG(7—2D)m — Bp € H(curl, 75D)m - Jy € DG(’TQD)m_l, (2)
feCG(Tep)m — Bire€CG(Tap)m — Jp€ H(V,T2D)m.
Ve CG(Tap)m — Bp,€CG(Tap)?, — Ji € CG(Tap)m, @)

f€CG(Tep)m — Bi€CG(Tap)m — Jp€CG(T2p)2,.

Dy € DG ’BD m 1 (1 Dy € CG('BD)m (2 Dy, € CG 751)
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Force balancing — mesh misalignment

T, =1; + a sin(r;), 2, = z; + a sin(z;).
a = 0.05.
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Force balancing - discontinuities at the separatrix

original refinement refinement + alignment
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Conclusions

B, € H(div, 2p)m — J: € CG(T2D)m, (1)
B, € DG(T2p)m-1 — Jp € H(curl, Tap)m.

4

v € CG(T2p)m
f € CG(Tzp)m

4

Ve CG(Te2p)m — BpeH(curl,Top)m — Ji € DG(T2D)m-1, ()
fE€CG(Tap)m — Br€CG(Tap)m — JIp€ H(div, Tap)m.

U eCG(Tep)m — B,eCG(Tap)2, — Ji € CG(T2p)m,

3
f€CG(Tap)m — Bi€CG(Tap)m — Jp€ CG(Tap)r. ¥

* The choice of finite element spaces and mesh alignment matter.
* Project path (1) is preferred for force balancing, whereas path (2) is

preferred for divergence-free.
* Mesh refinement near the separatrix is important, whereas

alignment with separatrix is less so.
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ing the GS solver,
which can be important for transient MHD simulations such as its anisotropic diffusion.
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Thank you!

Q&A



Appendix

Component-wise projection of 3D fields

L7 Q 1 =

H(div, T2p)1 DG(Tip)o

L R —

DG(’TQD)O CG(’TlD)l
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Appendix

3D periodic table of finite-element spaces
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Appendix
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